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New York 14623-1299 

(Received June 15, 1988) 

In this paper, we show theoretically how the anchoring conditions at the substrate-cholesteric liquid 
crystal fluid interface affect the pitch change of a cholesteric liquid crystal in an intense optical field. 
Strong anchoring at both cell interfaces gives rise to pitch dilation and contraction, while strong input- 
side/weak output-side anchoring results in pitch dilation only. Weak input-sidelstrong output-side an- 
choring creates pitch contraction. 

1. INTRODUCTION 

Cholesteric liquid crystals (CLC) have been used as polarizers, bandpass and notch 
filters, mirrors, apodizers, and optical isolators. 1 - 3  These are all based on the linear 
propagation of light through the medium. In this case, the changes of the liquid 
crystal helical structure due to an optical field are almost negligible. But in intense 
optical fields, the helical structure can be changed and nonlinear effects can occur. 
In this case, the anchoring conditions between substrates and CLC fluid play a 
dominant role. In 1982, H. G.  Winfu14 solved the coupled Euler-Lagrange and 
Maxwell’s equations to show theoretically how optical bistability develops as a 
result of pitch dilation in a CLC with strong anchoring at the input side. In 1987, 
we showed theoretically5 that under exposure to a plane wave with a Gaussian 
intensity distribution, a retro-self-focusing effect occurs in which the reflected field 
comes to a focus. This is accompanied by a pinholing effect in which the retro-self- 
focusing effect occurs within a diameter f l w ,  where 2w is the spot size of an 
incident Gaussian beam. These effects were experimentally proven in a CLC- 
dielectric resonator, where a CLC was used as a laser-resonator end mirror. 

Normally a CLC cell with a planar structure is prepared between two flat sub- 
strates as shown in Figure 1. In this figure, z is the light propagation direction and 
L is the total CLC fluid thickness. In our previous experiments,6 we used a CLC 
with strong input-sidelweak output-side surface anchoring at z = 0 and at z = L, 
respectively (in abbreviation CLC-10) or a CLC with strong input-sidehtrong out- 
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FIGURE 1 Schematic diagram of a cholesteric liquid crystal cell. The left-hand side of the figure 
shows one pitch length of the helical structure in the CLC. Arrows within each plane indicate director 
orientation. 
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EFFECTS OF ANCHORING IN A CHOLESTERIC LIQUID CRYSTAL 255 

put-side surface anchoring (CLC-11). Both devices showed the retro-self-focusing 
and pinholing effects. However, we were not successful in obtaining stimulated 
emission in a laser resonator for a CLC with weak input-sidehtrong output-side 
(CLC-01) or weak input-side/weak output-side (CLC-00) surface anchoring. One 
reason for this is that the molecular order for the planar helix structure does not 
extend over macroscopic dimensions unless some anchoring in the form of rubbing 
on the substrate is provided. This creates a preferred direction at the substrate- 
CLC fluid interface and good alignment through the medium of moderate thickness. 
Weak anchoring causes an increase in scatter-related losses. In the fabrication of 
a CLC, strong surface anchoring between substrates and the CLC fluid at both 
sides gives rise to good alignment in the CLC cell. A better understanding of the 
relationship between anchoring and performance, especially for a CLC-11 config- 
uration, is essential for further development of CLC resonator mirror optics. 

In this paper, we will solve the coupled-Lagrange and Maxwell's equations for 
the case of CLC-11 and show that pitch dilation and contraction occur simulta- 
neously in separate CLC regions. We will then discuss the differences between the 
CLC-10 and CLC-11 conditions by comparing the relationship between incident 
and transmitted field intensity, as well as comparing reflectivity and phase shift. 

II. THEORY 

Let us consider a right-handed CLC-11 cell as shown in Figure 1 whose helix axis 
is oriented along the z-axis. The helical structure of the CLC can be described by 
the director R ( z )  which represents the average orientation of the elongated liquid- 
crystal molecules. Arrows within each plane indicate the director orientation, and 
the pitch Po is the distance required for the director to rotate by 360". Its Cartesian 
components are: 

n, = cose(z), n, = sin0(z), n, = 0 (1) 

In the absence of external fields, the angle 0(z )  is given by 0 = qoz, where qo is 
the unperturbed wave number of the helix whose pitch is Po = 27r/qo. 

When right-handed circularly polarized light propagates along the z-axis, the 
total electric field E in the medium can be described by circularly polarized com- 
ponents as follows: 

E = Re[{E+(z)(i - ijj)/a + E-(z) ( i  + i j ) / a }  e-'"'1 (2) 

where E, = (Ex ? E, , , ) / a .  The first term in Eq. (2) represents a forward-prop- 
agating wave and the second term represents a counter-propagating wave which 
has the same sense of polarization as the forward-propagating wave. 

The electric displacement, D, of the medium is given by' 

D = P(z)E = E ~ E  + E,I^Z(A * E) (3) 
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256 J.-C. LEE, A. SCHMID AND S. D .  JACOBS 

where E, = ell - E, is the optical dielectric anisotropy and ell and E, represent the 
dielectric constant parallel and perpendicular to the local director. The explicit 
form of the dielectric tensor matrix is 

where E,, = (ell + eL)/2 is the average dielectric constant. Then Maxwell's equation 
in the medium can be rewritten as 

where k2, = (O/C)~E,, and kT = (O/C)~E,/~.  The new orientation of the director 0(z)  
in Equation ( 5 )  can be found by minimizing the free energy F under the external 
electric field E. 

F = d3r-{kl l (V.A)2 + kZ2(ri .Vxfi  + q,)'+ k , , ( i i ~ V x r i ) ~  - E * D / ~ T }  (6) I, f 
where k l l ,  kzz and k,, are the Frank elastic constants that describe the basic dis- 
tortions of splay, twist, and bend, respectively. This leads to the Euler-Lagrange 
equation of motion for the director angle 6(z): 

d20 E, 

dz2 16.rrk2, =- [Re(E +E'!) sin28 - Im (E + E'! ) cos201 - (7) 

As a trial solution, the forward-propagating and counter-propagating fields can be 
represented as 

By substituting Eq. (8) into Eq. ( 5 ) ,  Maxwell's equation is reduced to a coupled 
amplitude equation within the slowly-varying-envelope approximation 

-- - K(E+I sin* d l E - 1  
dz  
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EFFECTS OF ANCHORING IN A CHOLESTERIC LIQUID CRYSTAL 257 

where q ( z )  = + + ( z )  - + - ( z )  + 2q,z  - 28(2), the coupling coefficient K = 
k:/2q0, and the detuning parameter Ak = (k: - 4%)/2q,. We now proceed to solve 
Eqs. (9), (lo), and (11) for different boundary conditions. 

(A) CLC-10 Case 

This case was discussed by H. G. W i n f ~ l . ~  For this case, the boundary conditions 
required are as follows: 

I€+(L)I = , transmittedfieldatz = L (12) 

Ie-(L)I = 0 ,noreflectionat2 = L (13) 

- qo , weakanchoringatz = L 

0(0) = 0 , strong anchoring at z = 0 (15) 

Substituting Eq. (8) into Eq. (7), we have 

Integration of Eq. (16) with the boundary condition in Eq. (14), gives 

(le+(z)12 - 14’) q ( 2 )  = - = q0 - - d0 € 0  

dz l 6 7 ~ k ~ ~ ~  

Since I E + ( Z ) ~ ~  > 
the local field intensity. 

q ( z )  < qo. In other words, the pitch dilates in proportion to 

(B) CLC-01 Case 

For this case, only the boundary condition in Eq. (14) is changed. 

- q0 , weak anchoring at z = 0 

This boundary condition leads to 

Since I E + ( O ) ~ ~  > ( E + ( Z ) ~ ~ ,  q(z )  < q,, that is, pitch contraction will occur 
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258 J.-C. LEE, A. SCHMID AND S. D.  JACOBS 

(C) CLC-11 Case 

For a CLC-11, the following boundary conditions are required. 

le+(L)( = , the transmitted field amplitude at z = L (20) 

I€-(L)I = 0 , no reflection at  z = L (21) 

From Eq. ( l ) ,  

e(o) = o , the director angle at z = 0 (22) 

O(L) = q,L , the director angle at z = L (23) 

In addition to the above boundary conditions, the helix wave number should be 
equal to qo at some point z = a inside the medium, that is, 

Integration of Eq. (16) with the boundary condition in Eq. (24), gives 

When 0 5 z < a,  q(z )  < qo, that is, the pitch dilates in proportion to the optical 
field intensity (E, > 0) and q(z)  = q, at z = a. When a < z 5 L ,  q ( z )  > qo, that 
is, pitch contraction occurs. Therefore pitch dilation and contraction occur simul- 
taneously in a CLC-11. From Eq. (9), (lo), ( l l ) ,  and (25), we find 

Let u(z) = y I ~ + ( z ) l ~ ,  J = &-I2, S = yIe+(a)12, and v(z )  = yle_(z)l2 where y 

From the boundary conditions Eq. (20) and (21), u(L)  = J and v(L)  = 0 
= E,/321Tk22K2. 

respectively. Then Eq. (26) becomes 

fi C O P P  = -(u - J) {L\k/K - 2S + u + J}. (27) 

Multiplying Eq. (9) by le+(z)l and rearranging it, we have 
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EFFECTS OF ANCHORING IN A CHOLESTERIC LIQUID CRYSTAL 259 

Substituting Eq. (27) into Eq. (28), one finds 

where Q(u) = (u - J) {u - (u  - J) ( A k l ~  - 2S + u + J)2}. 
Integrating Eq. (25) and using the boundary condition in Eq. (22), we have 

The boundary condition B(L) = q,L in Eq. (23) provides a means to  calculate the 
normalized intensity S in Eq. (29), as follows: 

l L  
S = L u(z)dz. 

The physical interpretation of S is the average normalized intensity in the medium, 
where the helix wave number is equal to qo. 

When the roots of Q(u)  are real and u1 > u2 > u3 > u4, Eq. (29) may be solved 
in terms of a Jacobian elliptic function8 

(32) 
u2 - u3 u(z)  = u3 + 

1 - (u ,  - uJ(u1 - u&l Sn2[2K(z - L ) / g ,  k ]  

where Sn is a Jacobian elliptic function with g = 2/[(u, - u3)(u2 - u4)]1/2 and k 
= [ (u l  - ~ 2 ) ( ~ 3  - ~, ) ] ‘ /~g/2 .  When the two roots u1 and u, of Q ( u )  are real and 
u1 L u 2 u2 and the two roots u3 and u4 are complex, the solution 
becomes 

Bu, + AM, + ( A u ~  - Bu,)Cn[2~(z - L)/g,k]  
A + B + (A - B) C ~ [ ~ K ( Z  - L)/g,k] 

u(z) = 

of Eq. (29) 

(33) 

where A2 = (u l  - bl)2 + b:, B2 = (u2 - b,)’ + b:, b ,  = Re[u3] and b, = Im[u3], 
and Cn is a Jacobian elliptic function with g = 1 / m  and b2 = {(u,  - u2)2 

A plot of the normalized intensity u(z )  for the forward-propagating wave in the 
CLC medium is shown in Figure 2. In this figure, KL = 2.0, q,L = 10 IT, and J 
= 0.08. The solid lines represent the normalized intensity u(z) for CLC-11. The 
incident field intensity u(z) decays almost exponentially along the z-axis. The dotted 
lines represent the normalized intensity u(z)  for CLC-10. Additional input intensity 
is required to have the same transmitted intensity J for CLC-11 because the strong 
anchoring at z = L impedes the helical structure from changing. The value S on 
the ordinate represents the average normalized intensity in the medium, where the 
helix wave number of the CLC equals qo. 

- (A - B)’}/4AB. 
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FIGURE 2 Normalized forward propagating field intensity u(z)  through the medium for KL = 2.0, 
q,L = l h  at normalized transmitted intensity J = 0.08. Solid lines represent CLC-11 case and dashed 
lines represent a CLC-10 case. 

The relationship between normalized input intensity I and normalized transmitted 
intensity J for K L  = 2.0 with Akk = 0 and q,L = 10 IT is shown in Figure 3. For 
the case of CLC-10, the optical bistability results as predicted by H. G. Winful. 
However, this nonlinearity disappears in the same range of normalized input in- 
tensity I in the case of CLC-11 as expected. 

The value of the y component of the director is shown in Figure 4 for the zero 
field intensity (dashed lines) and for an input intensity which gives rise to the 
normalized transmitted intensity J = 0.18 (solid lines). This figure shows the pitch 
dilation near z = 0 and the pitch contraction near z = L as we discussed earlier. 

The reflectivity R of a CLC cell can be defined by 

(34) 
reflected field intensity 

input field intensity 
R =  = 1 - J/I 

A plot of reflectivity as a function of the normalized input intensity I is shown in 
Figure 5 for the two different anchoring conditions. The reflectivity for the CLC- 
11 is nearly constant over a broad range of normalized input intensity I and differs 
substantially from that of the CLC-10. 
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FIGURE 3 Normalized transmitted intensity J versus normalized input intensity I for KL = 2.0 (solid 
lines represent CLC-11 case and dashed lines represent CLC-10 case). Intensities are normalized by 
3 2 ? ~ k ~ , ~ ’ l e , , .  

x 
C - 

CLC-11 
u n pertu r .bed 

Z/L 

FIGURE 4 The value of the y component of the director for the zero-field case (dashed lines: 
unperturbed case) and for an incident intensity which causes normalized transmitted intensity J = 0.18 
(solid lines). L is chosen to yield an unperturbed O(L) = q,,L = 10 ?T. 
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i 
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Normalized Input Intensity 
FIGURE 5 Reflectivity R as a function of normalized input intensity I (solid lines represent CLC-I1 
case and dashed lines represent CLC-10 case). 

From Eq. (27), the phase of the reflected field at z = 0 can be written as: 

& ( O )  = + + ( O )  - C O S - ~  [ -VTTTE {Ak/K - 2s + I + J}] (35) 

where I = u(0). Equation (35) relates the phase of the reflected field to the 
normalized input intensity I. The phase of the reflected field for two different 
anchoring cases as a function of normalized input intensity I and normalized de- 
tuning parameter Akk when + + ( O )  = 0 is shown in Figure 6. Since the strong 
anchoring at z = L prohibits the helix from changing, the slope of the phase lag 
in a CLC-10 is steeper than in a CLC-11. Note that for AklK = 0, the phase + - ( O )  
initially starts from 0". This means that there is no phase shift upon reflection from 
the CLC in a weak field regime. When Akk = 0, that is, the CLC structure is 
initially well Bragg-matched, the intense field destroys the Bragg condition as a 
result of the pitch dilation and contraction and the optical field penetrates more 
deeply into the CLC before being reflected. Therefore the phase of the reflected 
field lags as the input intensity increases. When AklK > 0, the pitch of the CLC is 
already out of the Bragg condition. So the initial phase is less than 0" and decreases 
further with increasing intensity. When AklK < 0, the incident field forces a pitch 
dilation and contraction, and the CLC will approach the Bragg condition around 
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Normalized Input Intensity 
FIGURE 6 Normalized input intensity I versus the phase of the reflected field when the phase of the 
incident field c$+(O) = 0 (KL = 2.0 with A k l ~  = 0, 20 .1  and q,,L = 10n for CLC-11: solid lines; KL 
= 2.0 with A k k  = 0 for CLC-10: dashed lines). 

z = 0. Therefore the phase increases until the Bragg condition is met and then 
decreases. In most cases, pitch dilation is more dominant than pitch contraction 
because most of the field reflects within a few pitch lengths from z = 0. 

Now let us consider a plane wave with a Gaussian intensity distribution incident 
on the CLC. In a first approximation, we can apply our plane wave consideration 
to study the transverse effects. Several situations are described in Figure 7. When 
A k k  < 0 and the shift of the selective-reflection peak wavelength A, ( = n,,,P,) due 
to the maximum pitch dilation and contraction at the center of the beam is less 
than the laser wavelength Alaser, the CLC acts as a convex mirror. When A k k  2 0 
and the maximum pitch dilation and contraction are restricted to the selective- 
reflection band, the phase of the reflected field lags as the intensity increases. Then 
CLC acts as a concave mirror causing a retro-self-focusing effect. When h k k  < 0 
and the shifted selective-reflection peak wavelength A, is greater than the laser 
wavelength A,,,,,, the CLC acts as a combination of concave and convex mirrors. 
The radius of curvature of the CLC mirror depends on the location of the selective 
reflection peak wavelength A, relative to the laser wavelength Alaser and on the 
maximum intensity of the incident field. 

The right-handed cholesteric liquid crystal with strong surface anchoring at both 
sides has been used as a laser end mirror to demonstrate the retro-self-focusing 
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EFFECTS O F  ANCHORING IN A CHOLESTERIC LIQUID CRYSTAL 265 

and pinholing effects in our earlier experiment.6 For the laser end-mirror appli- 
cation, the condition A,,,,, 5 A,, is important because the CLC can be modeled as 
a concave mirror in this region. When it is used as a laser end mirror, the CLC 
becomes an active element which changes its radius of curvature in proportion to 
the intra-cavity intensity. 

111. CONCLUSION 

We have solved Maxwell's equation and the Euler-Lagrange equation in detail for 
the cholesteric liquid crystal with strong surface anchoring at both sides (CLC-11). 
This result shows that pitch dilation at the input side of the cholesteric liquid crystal 
leads to pitch contraction at the output side. As a result, the slope of the phase 
lag of the reflected field from the CLC is slower than in a CLC with one-sided, 
strong surface anchoring at the input side (CLC-10) and the reflectivity is nearly 
constant over a wide range of input intensities. 
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